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UNIVALENT HARMONIC MAPPINGS AND LIFT TO THE 

MINIMAL SURFACES 

YUEPING JIANG, ZHIHONG LIU f , AND SAMINATHAN PONNUSAMY 


Abstract. We construct sense-preserving univalent harmonic mappings which map 
the unit disk onto a domain which is convex in the horizontal direction, but with 
varying dilatation. Also, we obtain minimal surfaces associated with such harmonic 
mappings. This solves also a recent problem of Dorff and Muir (Abstr. Appl. Anal. 
(2014)). In several of the cases, we illustrate mappings together with their minimal 
surfaces pictorially with the help of Mathematica software. 


1. Introduction 

Let D = {z £ C : |^r| < 1} be the open unit disk in the complex plane. Shear 
construction of univalent harmonic mappings in D (see Theorem [AJ motivated by Clu- 
nie and Sheil-Small |T] is instrumental in identifying harmonic analog of the classical 
Koebe function which and its rotation played the role of extremal for many extremal 
problems in the theory of univalent analytic mappings in D. The method of shearing 
has been used effectively in determining several nice properties and examples of uni¬ 
valent harmonic mappings. Another important result for the study of surfaces using 
geometry and harmonic mappings is the so called Weierstrass-Enneper representation 
(cf. [1, p. 177-178]). The present article is essentially deal with some application of 
these two results. Similar applications are obtained in mmmm ITOli and thus, the 
present note is a continuation of these recent investigations. 

Let B be the class of analytic self-maps of the unit disk D and £>o = {w £ B : 
<u(0) = 0}. In the recent years, the class 77 of all complex-valued harmonic mappings 
/ = h + g on D, normalized by h( 0) = <?(0) = h'( 0) — 1 = 0, where h and g are analytic, 
attracted the attention of function theorists in many different contexts. By a result 
of Lewy |6j ,/ = /?. + g £ 77 is locally univalent and sense-preserving if and only if 
Jf(z ) > 0 in ID), where Jf(z) = \h'(z)\ 2 — \g'(z)\ 2 denotes the Jacobian of /. Positivity 
of the Jacobian is equivalent to the existence of complex dilatation cu £ B such that 
uj(z) = g'(z)/h'(z). Let Sh be the class of all sense-preserving harmonic univalent 
mappings / £ 77 and S^, the subclass of mappings / £ Sh such that /-(0) = 0. Set 
S = {f = h + g <E S H ■■ g(z) = 0}. 

We recall that a domain O C C is said to be convex in the horizontal direction 
(CHD) if its intersection with each horizontal line is connected (or empty). We follow 
the convention that / £ Sh is CHD mapping if /(D) is CHD. Now it is appropriate 
to recall the following theorem of Clunie and Sheil-Small |ll] which is crucial in the 
construction of minimal surfaces. 
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Theorem A. Let f = h+g be harmonic and locally univalent in D. Then f is univalent 
and its range is CHD if and only if h — g has the same properties. 

An algorithmic approach of Theorem[A]follows. For a given CHD conformal mapping 
Lp of D and a dilatation w e Bo, the shear of ip(z) for the given uj(z) is defined to be 
the mapping / = h + g G Sjj satisfying the pair of differential equations 

h'(z)-g'(z) = tp'(z), 
g\z) - u{z)ti(z) = 0 . 

Then a straightforward calculation gives the desired mapping / = h + g G S^ as 

/0) = Rej2^ x ^ ~ <p(z) j + i Im{y?(z)}. (1.1) 

This is the basic here. Construction of a harmonic mapping that can be lifted to the 
minimal surface by using the following version of Weierstrass-Enneper representation 
(cf. [U pp. 177-178]). 

Theorem B. (Weierstrass-Enneper representation). Let Ll C C be a simply connected 
domain containing the origin. If a minimal graph 

{(u, v, F(u , v)) : u + iv 6 D} 

is parameterized by sense-preserving isothermal parameters z = x + iy Ei, the projec¬ 
tion onto its base plane defines a harmonic mapping w = u + iv = f{z) of D onto Ll 
whose dilatation is the square of an analytic function. Conversely, if f = h + g is a 
harmonic univalent mapping of D onto Ll with dilatation ui = g'/h' = q 2 , the square of 
an analytic function q, then with z = x + iy 6i, the parametrization 

X(z) = (tle{h(z) + g(z)},Im{h(z) - 5 ( 2 ;)}, 2 Im 

defines a minimal graph whose projection into the complex plane is /(D). Except for 
the choice of sign and an arbitrary additive constant in the third coordinate function, 
this is the only such surface. 



Further information about the relationship between certain harmonic mappings and 
the associated minimal surfaces can be found from [21H [M2], in m , the authors 
considered for example the single slit CHD mapping, namely, the Koebe function k(z) = 
z/( 1 — z) 2 , and derived the following result. 


Theorem C. Let X be a minimal surface over the slit domain L = k{ D) with the 
projection f = h + g G S^, which satisfies 

h{z) - g(z) = 


(1 - zf 


and whose dilatation a; = z 2 . Then X = {(it, v, F[u, v)) : it + iv G L}, where 


u = Re 


z(z 2 — 3z + 3) 
3(1 - z) 3 


, v = Im 


(1-*) 2 J ’ 


and 


z( 2 — z) 2 z(z 2 — 3z + 3) 
3(1 — ^) 3 


F = Im 


(1-z) 2 
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As in the recent article of Dorff and Muir [31], we consider the generalized Koebe 
function k c : D —> C defined by 



( 1 . 2 ) 


for c G [0, 2], and in the case of c = 0, the function k c (z) should be interpreted as the 
limiting case: 



Obviously, k\(z) = z/{ 1 — z) and = z/( 1 — z) 2 . Moreover, for c G [0,2], k c G S 

and k c (B) is CHD. Additionally, for c G [0,1], k c ( D) is convex. 

Theorem D. ([3] Theorem 3]) For c G [0,2], define f c = h c + G S° H to be the 
harmonic mapping satisfying 


K(z) - g c (z) = k c (z), g' c (z ) = z 2 h' c (z ), 


where k c is given by & Then / C (D) is CHD, and as c varies from 0 to 2, / C (D) 
transforms from a strip mapping to a slit mapping. 

In [3], the authors also proposed that the family of harmonic mappings given in 
Theorem |d| can be generalized by changing the dilatation to oj(z) = z 2m {m G N). 
That is, for c G [0, 2] and n = 2m, let / c>n = h c>n + g c . n G <S#, where 

h c ,n{z) ~ 9 cA z ) = k c(z) and g'^z) = z n h' c Az). 

The case n = 2 is the basis for Theorem [D] For the case n = 4 and c = 2, it appears 
that the resulting minimal surface is a helicoid. 

It would be interesting to use the shearing construction to investigate the family of 
mappings f c ,n(z) for n > 1. In most cases the dilatation is chosen to be lo(z) = z n (n G 
N). The present article is organized as follows. Section [2] begins with a set of new 
examples of CHD mappings and present an application of shearing theorem to obtain 
a class of CHD mappings. Later in Section [3j we derive the explicit representation of 
fc,n(z) when c = 1, 2 and for all n G N by using the partial fraction expansion method. 
The case c = 0 is known from the work of Greiner [5]. Also, we show that f c ,n{ 
is CHD, and as c varies from 0 to 2, / cn (B) transforms continuously from the strip 
mapping to the wave plane and finally to the slit mapping. Recall that if the dilatation 
of f c ,n(z ) is a square of an analytic function, then we obtain harmonic mappings which 
can be lifted to the minimal surfaces expressed by isothermal parameters and thus, we 
also obtain the minimal surfaces associated with such harmonic mappings based on the 
Weierstrass-Enneper representation and thereby, we solves the problem proposed by 
Dorff and Muir [3j. Finally, we illustrate the harmonic mappings for some special cases 
together with their minimal surfaces pictorially with the help of Mathematica software. 
Throughout the discussion, the images of the corresponding harmonic mappings are 
shown in Figures as plots of the images of equally spaced radial segments and concentric 
circles of the unit disk D. 

In order to represent f c ,n( z ) explicitly, we need to introduce the Appell hypergeo¬ 
metric function of two variables [8J- The Appell hypergeometric function F\ of two 
variables is defined for |x| < 1 , |y| < 1 by the double series: 
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where (q )o = 1 for q / 0 and for q £ C\{0}, 


(q)k = q{q + 1 ) • • • (q + k - 1) = 

is the Pochhammer symbol. Appell’s F\ can also be written as a one-dimensional 
Euler-type integral: 


Fi(a;Pi,Pr,r,x,y) 


P( 7 ) /-i 

r («) r (7 - «) Jo 


where Re 7 > Recc > 0. 


2. Harmonic mappings with the dilatation u(z) = z 


z+a 


1 -\-az 


Throughout this section, in the following examples and in Theorem 2.4 


our aim 


is to construct a family of CHD mappings with the dilatation u(z) = where 

—1 < a < 1. For a = 1 and a = 0, uj(z) becomes z and z 2 , respectively. 


Example 2.1. Consider the identity mapping ip(z) 
construction produces the harmonic mappings 


z. Then, by (1.1), the shear 


F a (z) = Re{-z + (1 - a) log(l + z) — (1 + a) log(l - z)} + i lm{z}. 

The images of the unit disk O under F a for — 1 < a < 1 are shown in Figure [lj The 
images of B under Fq and F\ are shown in Figures [l] (a) and (d) (see also Duren [U 
Figures 3.1 and 3.2, Section 3.4]), respectively. Moreover, the images of F a (z) and 
F_ a (z) are symmetric about the imaginary axis, since 

Re{F_ a (-z)} = Re{z + (1 + a) log(l - z) - (1 - a) log(l + 2)} = - Re{F a (z)} 


and 

Im{F_ a (-z)} = Im{—2:} = -Im{F 0 (;z)}. 


Example 2.2. Consider the strip mapping ip(z) = ! 2 log which maps B onto the 

horizontal strip |Im{u;}| < 7t/4. Then by (1.1) one obtains CHD mappings 


F f 


0,al 


= Re 


lid 


2 1 -z 


+ 


1 — a 


2 1 + z 


+ i Im 


ilog 


1+Z 
1 - 2 


The images of the unit disk under Fq^ for — 1 < a < 1 are shown in Figure [2| In 
particular, the images Fo i o(ID ) ) and To^O) are shown in Figures [2] (a) and (d) (see 
also Duren [4j Figures 3.4 and 3.5, Section 3.4]), respectively. Moreover, the images of 
To, a (z) and Fo_ a (z) are symmetric about the imaginary axis. Observe that 


Fo,a( e 


iQ\ 


a .7 r r . 

- \-1 — for 0<#<7r 

2 4 

— — — i— for 7 t < 8 < 2ir. 

2 4 


In particular, Fo t a(z) collapses the upper and lower semicircles to single point (—|, f) 
and (—§,—f), respectively. 

Actually, we can show that Fo^ a (z) maps the unit disk B onto the full strip 


{w £ C : | Im{u;}| < 7t/4} 
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(c) a = 0.7 (d) a = 1 


Figure 1. Shear of identity mapping when u(z) = z _ 


for — 1 < a < 1. We will now show that —oo < Re{Fo,a(~)} < +oo and for this, we 
only need to prove that 


—oo < Re 


1 + a z 

2 1-z 


l — a z 1 

~T~ lTz J 


< +CX) 


for z G (—1,1), where z = x + iy. Set 


TT , . 1 + a x 1 — a x 

U(x) =-1- 

w 2 1-x 2 l+x 

and note that the function U(x) is continuous in the interval x G (—1,1). Fixing a 
shows that 

lim U(x) = —oo, and lim U(x) = + oo. 

X—>— 1+ s—>1 _ 

Additionally, for the cases a = — 1 and a = 1, Fq a {z) maps the unit disk onto the 
half-strips 


1 


7r 


w : Re{tc} < -, | Im{(c}| < — j and w : Rejrc} > —| Im{rc}| < ^ 
respectively. This is complete the proof. 


1 


7r 


Example 2.3. Now, consider the half-plane mapping ^p(z) = yzy. Then by (1.1) shear 
construction produces the harmonic mappings (see Figure [3]) 


Fi, a (z) = Re 


1 — a 


log 


1 + 1 + a z 

1 — z 


2 (1 -zf 


+ i Im 


1-z 
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(c) a = 0.6 


(d) a = 1 


Figure 2. Shear of strip mapping for certain values of a in uj(z) = z . 


Note that 

Re{F lia (re- ie )} 


1 J 4(a + l)r ((r 2 + l) cos 9 — 2r) 

8 \ (r 2 — 2r cos 9 + l) 2 

+ (a — 1) (log (r 2 — 2 r cos 9 + l) — log (r 2 + 2 r cos 0 + l)) 
Re{F ha (re ie )}, 


and 


Im {F ha (re~ i9 )} = - 


r sm t 


= -Im{ J F 1 , a (re i0 )}. 


r 2 — 2r cos 9 + 1 

which imply that the range Fj , a (D) is symmetric about the real axis. Since 


F ha (e ie ) = Re 


1 — a 


log 


1 + e 


iO 


+ 


1 + CL 


JO 


l — o 


log 


1 - e iG J 2 (1 - e ie ) 2 

1 + cos 9\ l + o 1 


+ i Im 


jo 


1 — e 


iO 


1 — cos 6 


1 9 

„ + *- cot - 
4 1 — cos 9 2 2 


=: u + iv, 


we easily find that 

l — o , 2\ l + o, o , -i \ 

u = log (4u 2 )-— (4u 2 + 1). 

In particular, Fi,i(e* e ) is the parabola v 2 = — u + (1/4). 
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Figure 3. Shearing of the half-plane mapping for certain values of a 
with "(*) = 


Theorem 2.4. For c G [0, 2], and a G [—1,1], let F C)a = H c ^ a + G CiCl G Ssuch that 

z + a 


H c ,a{z) - G ca (z) = k c (z) and u) a (z) = z 


1 + az ’ 


( 2 . 1 ) 


where k c (z) is given by (1.2). Then F CjQ (D) is convex in the horizontal direction, and 
as c varies from 0 to 2, F C)a ( D) transforms from a strip mapping to a slit mapping. 
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Proof. According to Theorem [Aj we obtain that F c>a (lD>) is convex in the horizontal 
direction. Throughout the proof, it suffices to assume that c E (0, 2]\{1}. By (2.1), we 
have 

H'c a ( z ) ~ G'c a (z) = — -r—-r f ^ and G' ca (z) = z—^ — H’ (z). 

c,av ; c,a\ J (i + z )(\ _ Z ) \l - Z J c ’ aK > 1 + az c ’ aW 

Solving these two equations, we obtain 


tti t \ _ l + az ( 1 + z \ 

c ’ aK ‘ ] (l + z) 2 (l-z ) 2 \l-z) 


1/1 1 \ 1+a 1 1 -a 1 

+ - I H -:--UT + 


1 + z 


A \1 — z ' 1 + z J ' 4 (1 — z) 2 4 (1 + z) 2 J \1 — z 

Straightforward integration gives 

(1 — 2 c 2 + ac) + 2 c(l — ac)z + (ac — l)z 2 /l + z\ c 1 + ac — 2 c 2 


H c , a (z) = 


1 - Z 


4c(l — c 2 )(l — z 2 ) 

and thus, we find that 

G Ct a(z) — h c ^ a (z) k c (z) 

(1 — 2 c 2 + ac) + 2 c(l — ac)z + (ac — l)z 2 /1 + z 


4c(l — c 2 ) 


4c(l — c 2 )(l — z 2 ) 

1 + ac — 2 c 2 1 / / 1 + z 


-1 . 


1 - z 


4c(l — c 2 ) 2c \\ 1 — z. 

In order to study the mapping properties of F ca . we perform a change of variables using 

1 + z 


w = 


1 - z 


With z = (w — 1 )/(w + 1), this substitution leads to 


H r Jz = - 


1 (a + A 


w c+1 + - 

c + 1 c c — 1 


a — 1 C _ 1 2(1 + ac — 2 c 2 ) 


w — 


and 


C+l Z 

-W ^ - W - 


c(l - C 2 ) 

a — 1 C _ 1 2(1 — ac) 


+ 


which show that 
F c Jz) = Re <! ^ 


r ( i — I ( a ^ 

c,a 8\c+l c~ c — 1 c(l — c 2 ) 

( 1 ( a -±A w « 1 _ ^lV -1 + \ K - 1 )} . 

\ 4 \c + 1 c — 1 1-c 2 yj \ 2c V ; J 


( 2 . 2 ) 

By writing w = x + iy, x > 0 and y E M, from Example 2.2, we see that To, a maps D 
onto the strip {/ E C : | Im/| < vr/4}. If we substitute a = 2 into (|2.2[), then one has 


f 2,o.( z ) = Re {i ( 


1 / 1 + a 3 | N 2(2 — a) 


-ur + (1 — a)u> — 


+ i Im < - 


{jP 2 - 1 )} 


1 /1 + a, o n. , . 2(2 - a) \ 1 

— (x 3 - 3xy 2 ) + (1 - a)x --- \+i-xy, x > 0. 


Observe now that each point z / 1 on the unit circle is carried onto a point w on the 
imaginary axis so that x = 0 and F 2 a (z) = —(2 — a)/ 6 . Similar discussion as in the 
case of harmonic Koebe function K(z) in jj Page 84-86] proves that + 2 ,a(z) maps the 
unit disk D onto the entire plane minus the real interval (— 00 , —(2 — a)/ 6 ]. □ 
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Remark 1. When a = 0, uj a (z ) becomes z 2 and thus, Theorem 2.4 reduces to Theo¬ 
rem [Dj which can be lifted to the minimal surface in view of Theorem [B} If a = — 1 
and a = 1, then u a {z) becomes — z and z, respectively, and hence, Theorem 2.4 is a 
generalization of the Theorem [Dj 


3. Shearing Construction and Minimal Surfaces 

In this section, we use Theorem [A] to build a family of harmonic univalent mappings 
with a CHD range that lifts to a family of minimal surfaces as described in Theorem [Bj 
In 2004, Greiner [5) constructed horizontal strip harmonic mappings with dilatation 
u(z) = z n by shearing 


ho, n (z) ~ go,n( Z ) = ^ lo g 


l+Z 


1 - Z, 

After tedious but straightforward calculation, the shear construction produces the har¬ 
monic mapping fo, n (z) defined for n = 2m + 1 (m E N) by 

fo,n(z) = Re {ho t n(z) +5o,n(^)} + i Im {ho,n(z) - go,n(z)} 

(n-l)/2 



E 2/c7T 

CSC - log 

k =1 


1 — ze 


n 


1 - ze 1 


+ i Im { - log 


Moreover, if n = 2m (m E N), by virtue of Theorem [B| fo, n (P) lifts to the minimal 
surfaces Xq tn (u,v) = (u,v, F(u,v)), where 


u = Re < — 
n 


v = Im < - log 


2z 


1 — z 2 

l + Z 

1 - z 


2kn , 

— % y. csc ~~i°§ 

k =1 


1 — ze 


n 


1 -ze 1 


, 


and 


F(u, v ) = Im < — 


n 


1 - z 


(-l) n / 2 ^ 
1 + z 


— i 


(n/2)-l 

i E Cl) 


2kir 


— I csc ■ 


k= 1 


n 


log 


1 - ze~ l - 
~ 

1 - ze * 



Remark 2. For ui(z) = z, the expression for fo,i(z) simplifies to 


fo,i(z) = Re 


1 - 2 


+ i Im <{ - log 


1 + z 
1 - z 


The image is shown in [T, Figure 3.4], 

For u(z) = z 2 , the expression of fo t 2 (z) is given by (see [3j Theorem 3] or [U Figure 
3.5]) 


fo ,2 (z) = Re 


1 - z 2 


+ i Im <; - log 


1 + z 
1 - z 


In Figure |4j we illustrate the minimal surfaces of the harmonic mappings fo,n(z) onto 
strip domains whenever lo ( z ) = z n with n = 4, 6, 8 , 10,12,14. 

Theorem 3.1. Let fi >n = h\. n + g\, n E S^ such that 


hl,n(z) gi,n(z) — 


1 - z 


and cj(z) = = z 11 (n E N). 

"-1 ,n\ Z > 


(3.1) 
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(e) c = 0, n = 12 


Figure 4. ,/'o,n) lift to the minimal surfaces for certain values of 
c = 0, n = 4,6, 8,10,12,14. 


If n = 2m + 1 (m £ Nj, i/ien we have 


fi,n(z) = Re 


1 ( —z z(2 — z) n 2 — 1 
n ^1 — z (1 — z) 2 6 


log(l - z) 


(n-l)/2 


+5 £ 


fc=i 


o &7T / 2kTT 

CSC - log 1 — 2z COS-b 2“ 

n \ n 



+ z Im 


1 - z 














UNIVALENT HARMONIC MAPPINGS AND LIFT TO THE MINIMAL SURFACES 


11 


Ifn = 2m (m E NJ, then /i jTI (B) lifts to the minimal surfaces Xi >n (n, v) = (u, v, F(u , u)) ; 
where 

1 ( —z z( 2 — z) n 2 — 1 


it = Re < — 


+ 


1 


n \ 1 — z (1 — z) 


log(l- 2 ) + -log(l + 2 ) 
b 2 


, (n/2)-l , 

1 ^—v o klT / 

+ - > CSC — log 1 — 2,2 COS 

2 n ' 


D = Im 


fc=i 
2 


2kir 


n 


+ z 



(3.2) 


1 - 2 


and 


F(u, v ) = Im 


1 / z z( 2 — z) n 2 + 1 . . (—I)" - / 2 . 

- T-+ 71-w + log 1 - * + 0 lQ g 1 + *) 

n \1 — 2 (1 — z) A 6 2 


(n/2)-l 


kn 


+ 2 S (—l) fc csc 2 — log f 1 — 22 cos 


k =1 


2kir 


+ z- 


n 



Proof. By assumption and ( |3.1| ), we have 

K,n( z ) - 9l,n( z ) = (ll z )2 and 9l,n(z) = ,n( z )' 

Solving these two equations, we obtain 

h'i, n (z) = 


(3.3) 


(1 — z) 2 ( 1 — z n ) 

which has a pole of order 3 at 2 = 1 and simple poles at the other n-th roots of unity 
when n = 2m + 1 (m E N), and has a pole of order 3 at 2 = 1 and simple poles at 
2 = — 1 and at the other n-th roots of unity when n = 2m (m E N), respectively. 
In view of these observations, we can decompose h\ n (z) into partial fraction. After 
tedious but straightforward partial fraction expression obtained for h\ n (z), for the case 
of odd values of n, we have 


h ' hn ^ ( 1 - 2) 2 (1 - 2 ") 


Kl 


+ 




+ 




(n-l)/2 

13 + 


Oik 


k=l 1 ~ ze *' 


1 — 2 (1 — z) 2 (1 — z) 

and the constants may be computed by using the residue theorem: 


(n-l)/2 

+ X 


Pk 


k=l 1 - z ^ 


«i = 


n 2 — 1 
12 n ! 


n 2 = 


n — 1 
2n ’ 


1 


«3 = 


n 


Oik . o u n ? Pk -2kn 

n(l — e*A+ ) 2 n (i_ e -*^)2 


By integrating the previous expression we arrive at the expression for the case of odd 
values of n: 

1 2(2 - z) n 2 - 1 


, , , n - 1 2 

hl,n[ z ) ~ — - 2 -l~ 


2 n 1 — 2 2n (1 — z) 2 12n 

(«-i )/2 


log(l - 2 ) 


1 2 Kn I 

+ — > CSC — log 1 — 2 2 COS 

An ^ n V 


fc7T 


fc=l 


2kir 


+ z J 


n 
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In the case of even values of n one can write (3.3) into partial fraction as 
1 

b' 1 ’^ = (l-z) 2 (l-z n ) 

( n / 2)—1 (? i / 2 ) —1 


Aj A2 A3 A4 v—■> 

+ 77- x, +:^+ 2^ 


Ik 


k=l 1 ~ ze l ~ 


1 — z (1 — z) 2 (1 — z) 3 1 + z 

Again, using the residue theorem or otherwise, we find that 


+ £ 


fa 


k=i 1 - ze% ~ 


n 2 — 1 n — 1 

Ai = —, A2 = 


12 n 


2 n 


1 


A 3 — —, A 4 — —, 
n 4n 

1 


7 k = 


■ 2kir .. 1 ^k . 2k-7r n 

n( 1 — e ri ) 2 n( 1 — e « ) 2 


and we arrive at the expression 

, / x n — lz 1 z(2 — z) n 2 - 1, . 1 , 

'* 1 -" (o) = YAGA + 17 (TAT? ‘ A 2 Y 106(1 - z) +17 log(1 + z) 


1 (n/2)_1 A-7T / 

+ — > esc — log 1 — 2z cos 

4-n n \ 


k=1 


2kn 


+ z' 


n 


In both cases, the corresponding function g\. n (z) may be computed using the first 
relation (3.1) and the above two cases. Finally, the desired harmonic mapping fi, n (z) 
follows from writing fi, n (z) as 

fi,n(z) = u + iv = Re{hi )n (z) + gi, n (z)} + i lm{h 1)Tl (z) - gi, n (z)}. 
Consequently, f\, n (z) for the case of odd values of n is given by 


fi, n (z) = Re - 


1 / -z z(2 - z) n 2 - 1 


+ 


n \1 — z (1 — z) 2 

( n — 1)/2 


6 


log(l - z) 


1 ^—> 2 klT f 

H— > esc — log 1 — 2 z cos 

2 z—* n V 


k =1 


2kll 


+ z? 


n 


+ i Im 


{A}' 


and fi t n(z ) for the case of even values of n takes the form f\, n = u + iv, where u is 
given by (3.2) and 


v(x, y) = Im 


(A) 


In view of Theorem [Bj fi jn (W) for the case of even n lifts to the minimal surfaces 
X L <n (u, v) = ( u , v , F(u, v)), where u is given by ( |3.2[ ), v = v(x, y) = Im {z /(1 — z)} and 

£ n / 2 


F(u,v) = 21m \A^JX) h 'i,n(C)dc\ = 2Im < 


(i-C) 2 (i-C n ) 


d( 


T , 1 z 1 z(2 — z) (—l) n / 2 

= Im<! ----T + - 7 V-Y 7 + ^A+-log(l + z) + 


n (1 — z) n (1 — z) 2 

(n/2) 1 

KIT 


2 n 


n 2 + 1 
6 n 


log(l - z) 


H-(—l) fc csc 2 — log ( 1 — 2zcos 

2 n n \ 


k =1 


2A’7t 


n 


+ + 


The proof is complete. 


□ 
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Remark 3. If ui(z) 


z in Theorem 


3.1 


then the expression for f\,\ (z) simplifies to 


/i,iO) = Re{fc(z)} + ilm{l(z)}, 


where k(z ) = z/( 1 — z) 2 and l(z) = z/( 1 — z). Here we may compare fi : i(z) with the 
well known harmonic half-plane mapping L(z) dehned by 


L(z) = Re{/(z)} + i Im{A;(z)}. 
For ui(z) = z 2 , the expression of f 1 , 2 ( 2 ) is given by 


fiM = Re < - 


1 z 1, /1 + z 

2(1 -z) 2 + 4 bg \l-z 


+ i Im 


1 - z 


In this case, see also [3j Theorem 3]. In Figure[5j we have drawn the harmonic mappings 
fi,n(z) of the unit disk D onto wave planes with c = 1 and n = 3,4, 5, 6. In FigureJbJ we 
have drawn the minimal surfaces of the harmonic mappings fi, n (z) onto wave planes 
and with dilatation oj(z) = z n for n = 4, 6, 8,10,12,14. 



Figure 5. Wave planes of /i, n (ID>) for various values of n = 3,4, 5, 6. 


Theorem 3.2. For n £ N, let / 2 , n = /i2,n + 92 ,n £ S ^ such that 


h2,n(z) ~ 92,n(z) = 


(1 - X f 


and u n (z) = 


9o,n(z) 

h 0 ,n( Z ) 


= Z . 


(3.4) 
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If n = 2m + 1 (m G NJ, then f 2 ,n(z ) is given by 

f2,n{ z ) = Re 


—z 


(1 - z ) 2 

. (n-1)/2 
l 

2 n 


(n — l)(n — 2) z n — 2 z(2 — z) 4 z (z 2 — 3z + 3) 

4 ” 74 47 + 


3ra 


1 - z 


A:7r 


kir 


i \ ^ K/I o ft'l 

H-> cot — esc — log 

2 n n n 


1 — ze 


k= i 


1 - ze* 


n (1 — z ) 2 3 n (1 — z ) 3 

2/c7T 

+ z Im 


( 1 -z) 2 /' 


Ifn = 2m fmeNj, f/ien / 2 , n (B) lifts to the minimal surfaces ~K 2 , n (u, v) = (n, , F(u, z;)), 
where 


u = Re 


—z + (n — l)(n — 2) z + n — 2 z(2 — z) + 4 z (z 2 — 3z + 3) 


3n 


1 - z 


( 1 -z ) 2 

. (n/ 2 ) 1 

l ^—\ KTT 2 ft 71 " 

4-> cot - CSC — log 

2 n n n 

k= l 


1 — ze 


n (1 — z ) 2 3n (1 — z ) 3 

_• 2/c7T 


1 - ze* 


(3.5) 


v = Im 
and 


( 1 -z ) 2 
-F(zt, u) = Im 


4 — n 2 z 2 z(2 — z) 4 z (z 2 — 3z + 3) 

6 n 1 —z n (1 — z ) 2 3n (1 — z ) 3 


. (n/2)-l 


l \ -< . . i, ftVl 2 ft'ft , 

+ — > (-If cot— esc 2 — log 

In n n 


kn o kir 


1 — ze 


k =l 


1 - ze* 


Proof. By using (3.4), we have 


1 + z 


/ 4,n(^) - 02,n(*) = Ji _ alld 

Solving these two equations, we obtain 

u i / ^ _ 1 + 2 

2 ’ n(Z) “ (1 - z) 3 (l - z n )' 

Now, consider the case n = 2m + 1 (m 6 N). Since h' 2n (z) has a pole of order 4 at 
z = 1 and simple poles at other n-th roots of unity, h' 2 n (z) can be represented using 
partial fraction as follows: 

,/ , x Ai A 2 A 3 A 4 

h 2 M) = 4 - + 74 - 47 + 74 - 47 + 


1 — z (1 — z ) 2 (1 — z ) 3 (1 — z ) 4 

(n—1)/2 (n—1)/2 


+ E 


Ak 


k~i l ~ze *“ 


+ E 


Bk 


k =l 1 - 


By using the residue theorem or otherwise, one can easily see that 


x n x (n-l)(n- 2 ) n — 2 2 

M — U, A2 — - - -, A3 — -, A4 — -, 

bn n n 


and 


■ 2 kir 

A 1 1 + e ~ 

Ak =- 

n (l -e *—) 3 


1 l + e~* 

2/ctt . „ 5 


n(i _ e -i^)3’ 
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Using these values, we arrive at the expression 
u f ^ _ (n- l)(n-2) 1 , n-2 1 

n 2,nK z ) ~ 7 75 U7 + 


6n 


2 

+ -- 


1 

+ - 
n 


(1 — z) 2 n (1 — z) 3 n (1 — z) 4 

(n—1)/2 

+ E 


'(n-l)/2 

(1 + e « ) 


. • 2kir . 

(1 + e « ) 


~F[ (1 — e* « ) 3 (1 — ze * « ) fc=1 (1 — e * « ) 3 (1 — ze* « ) 


Integration from 0 to z gives 

, .. (n — l)(n — 2) ^ n — 2 z(2 — z) 2 z (z 2 - 3z + 3) 

/l2,n(«) = --7^-“7- + ~-77-U7 + 


6 n 1 — z 2n (1 — z) 2 3 n (1 — z) 3 

2/c7T \ 


+ 


. (n-l)/2 , , 

Z K7T o ^77 

—— > cot — CSC — log 

4 n n n 

k= 1 


1 — ze 


1 - ze* 


and, as a consequence of it, g 2 ,n(z) can be written explicitly by using the hrst relation 
in (3.4). Then the desired harmonic mapping f 2 )U £ <S# for odd values of n is given by 


h,n{z) = Re ■ 


—z 


(1 -z)‘ 


^ (n — l)(n — 2) z + n — 2 z(2 — z) + 4 z (z 2 — 3z + 3) 


3 n 


■ (n-l)/2 

Z K7T 2 ^' 7r 

H-> cot — esc — log 

In n n 

k= 1 


1 - Z 

" 1 - ze"* 


1 - ze l - 


n (1 — z) 2 3ra (1 — z) 3 

2/c7T 

+ z Im 


(1 - z) 2 


For even values of n, we have f 2 ,n(z) = u + iv, where zz is given by (3.5) and 
v = Im {z/( 1 — z) 2 }. In view of Theorem B l for n = 2m. {m E N), /2, n (D) lifts 
to the minimal surfaces Xo tU (u,v) = (u,v, F(u,v)), where u is given by (3.5), v = 
Im{z/(1 — z) 2 }, and F(u,v ) is obtained from 

F(u, v) = 2 Im | J \ZujJX)h' l n (C)dC 
■ z (l + C)C 


= 2 Im 

= Im < 


0 (i - C) 3 (i - C n ) 

4 — n 2 z 


dC 


6rz 1 — z n (1 — z) 


2 z(2 - z) ^ 4 z (z 2 - 3z + 3) 


3 n 


■ (n/2)-l 


Z \ -> , , . I. K7I n »7I , 

+— V (-l) fe cot— CSC 2 — log 
In n n 


kir 


kn 


(1 -z) 3 


1 — ze 


k =1 


1 - ze* 



The proof is complete. 


□ 


Remark 4. For cj(z) = z in Theorem 3.2, the resulting function f 2 ,i(z) is the well- 
known harmonic Koebe function. 


In Figure [7J we have illustrated the harmonic mappings f 2 ,n(z) of the unit disk 
D onto split domains with c = 2 and n = 3,4,5,6. In Figure [8j we have drawn 
the minimal surfaces of the harmonic mappings f 2 ,n{z) onto split domains and with 
dilatation a;(z) = z n for n = 4, 6, 8,10,12,14. 

Theorem 3.3. For c E [0,2] and n E N, consider the harmonic mappings f c ^ n = 
h c ,n + 5c]n £ S° H which satisfy the conditions 

h c ,n(z) ~ g c ,n{z) = k c (z ) and g' cn {z ) = z n ti c ^ n (z), 


(3.6) 
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where k c (z) is given by (1.2). Then f c ,n{ K3>) is convex in the horizontal direction, and 
as c varies from 0 to 2 , f c . n (0) transforms from a strip mapping to a wave plane and 
then to a slit mapping. In particular, / Cjn (D) lifts to the minimal surfaces when n is 
an even positive integer. 


Proof. For each c E [0,2], k c E S and k c ( D) is a domain convex in the horizontal 
direction. Thus, by Theorem |A| f c ,n( 10) is a CHD domain. What remain to be shown 
are the mapping properties of the function f c ^ n . Solving the two equations in (3.6), one 
can easily find that 




1+Z 


1 — z J (1 — z 2 )( 1 — z n ) 


(3.7) 


As in the proof of earlier theorems, for the case n = 2m + 1 (m E N), we may rewrite 

K,n( z ) as 


A<vn(~) 


1 + z' 
1-z. 


4 \1 — z 


+ 


1 


1 + z 

1 


+ 


1 


1 


1 (n ^ 2 _ 

k=i (1 - - ze~ l 


n 


2 n (1 - z) 2 

(n-l)/2 

+ E 


) k =i (1 - e 4 - )(1 - ze l 


Integrating the last equation from 0 to z and then analyzing the resulting expression 
carefully, one obtains 


h c , n {z) = 


where 


1 + z 


1 

— + 


1 + z 


l — zj [4c 4n(l + c)(l — z) 
(n- 1 ), 

+ E 


1-2 1-2 


(n-i)/2 2 C (1 - z)e l n fi l-c;-c,l; 2 -qY,-^ 

1 —e " 


k =1 


n(l — c)( 1 + z) c (1 — e l 


E 


1 - e* 


1-2 1-2 


(n-i)/2 2 C (1 - z)F 1 ( 1 - c; -c, 1; 2 - c; -^, : —-w 


l—e~ 


=1 n(l — c)(l + z) c (1 — e l 


1 - e~ l - 


~N U 


Ah = + 


1 


4c 4n(l + c) 


+ E 


1 1 


(n-i)/2 2V - Fx ( 1 — c; -c, 1; 2 - c; o, 


1 —e 


fc=l n (l — c ) ( 1 — e ’ 

(n—1)/2 2 C F\ ^1 — c; —c, 1; 2 — c; 

E / . 1 _\ (^ _j 2fc7r \ 7- 

k- 


1 - e* 


1—e n 


=1 n(l — c) (1 — e 


1 — e 


As before, we need to deal with the two cases. Observe that if f = u + iv = h + g and 
h — g = k c , then we can write / = Re{/i + g} + i Im(/i — < 7 } = Re{2/i(^) — k c } + i Im{fe c } 
and as a consequence of it and (|3.6[), the resulting harmonic mapping f c ,n(z) for the 
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case of odd values of n has the form 

fc,n( z ) = Re {2 h c>n (z) - k c (z )} + ilm.{k c {z)} 

= Re ( - - 2N, + (^-) C \ . l \ Z . -- 

\ 2 c \1 — z) |_ 2 n(l + c)(l — z) 


+ E 


l-z 1-z 


(n-i )/2 2 C z)e l - Fi ( 1 - c; -c, 1; 2 - c; : —tw 


l — e X n 


k =1 


n(l — c)(l + z) c (1 — e l 


E 


1 - e*“ 


l-z l-z 


(n-iy 2 2 c_i (l - z)Fi ( 1 - c; -c, 1 ; 2 - c; 


1—e 


Ei n(l — c)(l + z) c ^1 — e l 


1 — e 


+ i Im 


2 c 


1 + z 
1 - z 


- 1 


Similarly, if n = 2m {m £ N), then from (3.7) one can easily see that 


^ c.n i Z ) 


1 + Z 

1 - z t 

/(n/2)-l 

+ 7 I E 


1/1 1 

+ 


4 V 1 - 2 1 + z 

1 


1 

+ 7T- 


1 1 

+ 


2 n \ (1 — z) 2 (1 + z) 2 

W 2)—l 

+ E 


1 


k=i (1 - e l n )(1 - ze 1 n ) k=1 (1 - e 1 » )(1 - ze l 

and thus, integrating it from 0 to z gives 


h c , n (z) = 


1 + z 


1 - z 


1 

4c 4n(l + c)(l — z) 4n(l — c)(l + z) 


+ E 


l-z l-z 


(n/ 2 )-i 2 C (1 - z)e l n Fi ( 1 - c; -c, 1; 2 - c; : —^ 


l—e 


fc=l 


n(l — c)(l + z) c (1 — e 


E 


1 - e* 


1-2 1-2 


(n/ 2 )-i 2 C (1 - z)Fi ( 1 - c; -c, 1 ; 2 - c; 


l—e n 


=1 n(l — c)(l + ^) c (1 — e l 


1 - e~ l - 


-n 2 , 


where 


N 2 = - + 


4c 2n(l — c 2 ) 


+ E 


i l 


(n/2)-i 2 c e l n Fi ( 1 - c; -c, 1; 2 - c; 4,- 

l — e n 


k=i n(l — c) (1 — e* 


; 2/c 7T \ ^ / • 2fc7T 

l + e*~ 


E 


1 -e* 


(n/2)-i 2 c Fi ( 1 — c; —c, 1 ; 2 — c; ■— „ 2fe „ 


l—e 


= i n(l — c) (1 — e 


l — e 


Again, using the observation made in the case of odd values of n, the resulting harmonic 
mapping f c , n (z) for even values of n is given by 

fc,n(z ) = Re{2 h CtTl (z) - k c (z)} + ilm{k c (z)} = u + iv, 
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where u and v in this case take the form 


u = Re { - 2 N 2 + 

2c 


l + z 


1 - z 


l + z 

1 — zj \2n{l + c)(l — z) 2n(l — c)(l + z) 


(n/ 2)—1 2 C X (1 — z)e* « Fi 1 -c; —c, 1; 2 — c 


+ E 


1-Z 1-Z 


"J 2 ’ i 2/c7T 
1—e ™ 


fc=l 


n(l — c)(l + z) c (1 — e* 


1 + e* 


+ E 


2/C7T 

1-2 e‘ n ( 1 - 2 ) 


(n/ 2 )-i 2 C X (1 - z)Fi ( 1 - c; -c, 1; 2 - c; -«- 

1 —e n 


k= 


v = Im < — 
2 c 


\ n(l — c)(l + z) c 1 + e l 


1 — e 


, and 


l + z 
1 - z 


-1 


respectively. Note that, by Theorem [Bj for even values of n, the harmonic mappings 
fc,n(P) lifts 1° H ie minimal surfaces X Cjn (u, v) = (u, v, F(u , v)), where u, v are as above 
and 


F(u, v ) = Im 


l + z 


(]l + i n )(l + z) 


1 — z) |_ 2n(l + c)(l — z) 
-1 (-l) fc ^-l 

+ E 


(„/ 2 )-i (—l) t 2°- 1 (l - 2 )e*— Fi ( 1 - c; -c, 1;2 - c; 


1-2 1-2 


1 — 


fe=l 


n(l — c)(l + z) c (1 — e* 


1 + e* 


E 

k=1 


(n/ 2 ) 1 2 C_1 (1 - z)Fi ( 1 - c; -c, 1; 2 - c; ,- e% n 

1 —e n 


n(l — c)(l + z) c (1 — e 


1 — e 


□ 


Remark 5. If we take n = 2, then Theorem 3.2 reduces to Theorem 3 in [3j. 

Figures [9] and 10 are graphs of f c ,n(z) for various values of c E [0, 2] and we see that 
f c (B) transforms from strip region to wave plane for various values of c E [0,1]. 
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Figure 6. /i, n (D) lift to the minimal surfaces for various values of 
c=l,n = 4,6,8,10,12,14. 
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(a) n = 3 








(c) n = 5 



Figure 7. Slit images of ,/' 2 ,n(®) for various values of n = 3,4, 5,6. 
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(d) c=2,n= 10 



(e) c = 2, n = 12 


(f) c = 2,n = 14 


Figure 8. / 2 ,n(ID ) ) lift to the minimal surfaces for various values of 
c = 2, n = 4,6, 8,10,12,14. 
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(a) c = 0 (b) c = 0.2 



(c) c = 0.5 (d) c = 0.8 



Figure 9. Images of / c , 3 (B) for various values of c G [0, 2] 
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(a) c = 0 


(b) c = 0.2 



(c) c = 0.5 (d) c = 0.8 



Figure 10. Images of / Cj 4 (B) for various values of c G [0, 2] 



































































